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Abstract—In this paper we analytically analyze the tone
reservation method for the reduction of the peak to average
power ratio (PAPR) in code division multiple access (CDMA)
systems that employ the Walsh functions. We find the best
possible reduction of the PAPR and give one optimal information
set that achieves this reduction. Interestingly, when using more
than one information carrier, the smallest possible extension
constant is independent of the size of the information set and
has the value /2. We further show that the minimal extension
constant can also be achieved with finite compensation sets, and
illustrate the findings with a numerical example. For certain
special cases we are also able to provide results for the system of
complex exponentials, which is employed in orthogonal frequency
division multiplexing (OFDM).

Index Terms—Peak to average power, tone reservation, code
division multiple access, Walsh system, optimal constant

I. INTRODUCTION

ODE division multiple access (CDMA) is a transmission

technique that is used in many systems, e.g., in 3G and
UMTS, GPS, and Galileo [2]. Moreover, multiple extensions
such as multicarrier CDMA [3] exist.

The control of the peak to average power ratio (PAPR)
is an important task in any orthogonal transmission scheme
that employs orthogonal functions [4]-[7]. Such orthogonal
functions are used not only in CDMA, but also in other orthog-
onal transmission schemes, like orthogonal frequency division
multiplexing (OFDM). Large PAPR values are undesirable,
because they can overload amplifiers, distort the signals, and
lead to out-of-band radiation. For a further discussion of these
concepts and problems, we refer to [7].

Due to its importance, the PAPR problem has garnered
much attention, and many different approaches to reduce
the PAPR have been created [8]-[27]. In [14] and [18]
new selected mapping approaches with reduced complexity
were proposed. The selected mapping approach was further
analyzed in [16], where the complementary cumulative distri-
bution function performance was studied, and in [19], where
an asymptotic performance analysis of selected mapping was
performed. In [23] a PAPR reduction scheme that requires
no side information was studied. A different constellation
reshaping method was considered in [22].

Other publications consider PAPR reduction via optimiza-
tion. An active-set minimax approach for tone reservation was
analyzed in [12], and the application of convex optimization
to calculate the OFDM signal with minimum PAPR was
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considered in [13]. Further, in [17], the adaptive projected
subgradient method was studied.

In this paper we consider the popular tone reservation
method [8], [9], [12], [21], [26]-[28]. In this method, the set of
available carriers is partitioned into two sets, the information
set /C, which is used to carry the information, and the compen-
sation set ICC, which is used to reduce the PAPR. A significant
advantage of the tone reservation method is that no additional
information exchange is needed between the transmitter and
receiver. The set K is fixed and known by both parties. The
receiver simply has to select the carriers corresponding to the
set C. We will explain the tone reservation method in more
detail in Section III.

In [8] the tone reservation method for OFDM was intro-
duced, and finding the best compensation signal was phrased
as an optimization problem. However, the question of how
to choose the compensation set was not treated, nor was
an analytical analysis of the performance provided. A fast-
converging active set method for finding the optimal compen-
sation sequence was proposed in [12]. Then in [21], a first
analytical approach for the analysis of the tone reservation
method for OFDM was presented. There are further results for
specific applications. The PAPR reduction in offset quadrature
amplitude modulation-based orthogonal frequency division
multiplexing was considered in [26], and a novel multi-block
tone reservation scheme was proposed. Further, an adaptive
tone reservation scheme for multi-user MIMO-OFDM systems
that iteratively performs the tone reservation on the antenna
with the highest PAPR was studied in [27]. While most of the
above papers treat the PAPR problem for OFDM, the presented
ideas can often be directly transferred to the PAPR problem
for CDMA.

Reserving certain carriers for reducing the PAPR and not
for transmitting information affects the energy efficiency of
the entire communication system. Hence, from an energy
perspective there is a trade-off, and to date, a thorough
quantitative analysis of this trade-off seems to be missing for
the tone reservation method. For PAPR reduction via partial
transmit sequence, the energy-efficiency of non-contiguous
OFDM offset quadrature amplitude modulation based radio
networks was discussed in [24]. A first step towards the
development of such an analysis for the tone reservation
method, is to better understand it theoretically.

Tone reservation is an elegant procedure and easy to define.
The practical implementation is difficult however, because
there exist few explicit algorithms for the calculation of the
compensation set, and their complexity is in general high.
And even if one succeeded in finding an optimal compen-
sation set—the exact meaning of which will become clear in
Section IV—it is not easy to compute the specific compen-
sation signal for a given information signal. Moreover, the
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performance of these algorithms is unclear, i.e., there are no
performance guarantees and it is unknown how far they are
from the theoretical optimum. Most available results are based
on simulations and are not analytic.

In this paper we analytically treat the PAPR reduction prob-
lem via tone reservation for CDMA systems that employ the
Walsh functions. For these CDMA systems we answer three
important questions concerning the tone reservation method: 1.
What is the best possible reduction of the PAPR? 2. What is an
optimal information set that achieves this reduction, and how
can it be found? 3. What is the general structure of the optimal
information sets? All questions are answered in Section IV.
It is surprising that for CDMA, the optimal constants and
information sets can be derived. In Section V we consider the
practically important case of finite compensation sets and show
that with a finite number of compensation functions the same
optimal extension constant can be achieved as with infinitely
many compensation functions. For certain special cases we are
also able to provide results for OFDM. In particular, we derive
the optimal OFDM extension constant for information sets of
size two. The OFDM results are presented in Section VII.

Since the tone reservation method was studied by the
authors also in several other publications [1], [29]-[31], some
of the exposition in the introductory sections may overlap with
those publications.

II. NoTtAaTION, CDMA, AND OFDM

By LP[0,1], 1 < p < oo, we denote the usual LP-spaces
on the interval [0, 1], equipped with the norm || - ||,. For an
index set Z C Z, we denote by ¢*(Z) the set of all square
summable sequences ¢ = {c } ez indexed by Z. The norm is
given by |lcll;z(z) = (XCrerlcrl?)/2 By |A| we denote the
cardinality of a set A. For N € N we use the abbreviation
[N]:={1,2,...,N}L

The Rademacher functions r,, n € N, on [0, 1] are defined
by 7, (t) = sgn[sin(n2"t)], where sgn denotes the signum
function with the convention sgn(0) = —1. The Walsh
functions w,,, n € N, on [0, 1] are defined by

w1 (t) =1
and
Wak () = Thep1 () wn (1)
for k = 0,1,2,... and m = 1,2,...,2". Note that we use

an indexing of the Walsh functions that starts with 1. The
Rademacher system {7, },cn is an orthonormal system (ONS)
in L2[0,1], but not a basis. The Walsh functions {w, },en
form an orthonormal basis for L2[0, 1], and we have

/Olwn(t) dt =0

for all n € N. For further details about the Walsh function,
see, for example, [32].

The complete orthonormal system of Walsh functions
{wy, }nen is used in CDMA systems and will be the main sub-
ject of analysis in this paper. In OFDM systems, the employed
set of functions is the set of complex exponentials {e?2™k¢}, ;.
Note that {e27%t}, 7 is a complete ONS in L?[0, 1]. We will
briefly discuss the OFDM case in Section VIIL.

http://dx.doi.org/10.1109/TSP.2018.2875881

III. PAPR AND TONE RESERVATION AND
SOLVABILITY CONCEPTS

Without loss of generality, we can restrict ourselves to sig-
nals defined on the interval [0, 1]. Signals with other duration
can be simply scaled to be concentrated on [0, 1]. For a signal
s € L?[0,1], we define

papR(s) — Il=011
15l 270,1)

i.e., the PAPR is the ratio between the peak value of the signal
and the square root of the power of the signal. Note that the
PAPR is usually defined as the square of this value. However,
from a mathematical point of view, this makes no difference
for the results in this paper. In the case of an orthogonal
transmission scheme, using the ONS {¢y }rez C L?[0, 1], the
PAPR of the transmit signal

S(t) = ch(bk(t)v te [07 1]7
kel

with coefficients ¢ = {cy }rez, i given by

PAPR(s) = HZkEI Ckﬁblc”Lw[o,l]
||C||e2(z)

)

because {¢r}rez is a ONS, which implies that [|s|| 20,1 =
lellez(z)-

For an orthogonal transmission scheme, the peak value of
the signal s, and hence the PAPR, can become large, as the
following result shows. Given any system {¢,}_; of N
orthonormal functions in L2[0, 1], then there exist a sequence
{ea}N_, C C of coefficients with S~ __|¢,|2 = 1, such that
||Zg=1 CnbnllLo(0,1 > V/N [33]. This increase of the PAPR
with an order of \/N is undesired and methods to battle it are
needed.

The tone reservation method, which we will explain next,
is one approach to reduce the PAPR. Let { ¢y }rcz be an ONS
in L2[0,1]. We additionally assume that ||¢g|/cc < o0, k €
7T, i.e., we consider the practically relevant case of bounded
carriers. In the tone reservation method, the index set Z is
partitioned in two disjoint sets K and KC. Note that the set
KC can be finite or infinite. For a given information sequence
a = {ar}rex € ?(K), the goal is to find a compensation
sequence b = {by }rcxce € €2(KC) such that the peak value of
the transmit signal

s(t) =D ardr(t)+ > begr(t), te[0,1],

kek kekC

=:A(t) =:B(t)

is as small as possible. A(t) denotes the signal part which
contains the information and B(¢) the part which is used to
reduce the PAPR.

A priori, it is not clear how to obtain the optimal sequence b
for a given information sequence a. In Section VI we will see
that b can be found by solving a convex optimization problem.
For further details about the tone reservation method, we refer
to [28].

A block diagram illustrating the tone reservation method
for a CDMA transmission system using the Walsh functions
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serial to parallel

computa-
tion of b

amplifier j

serial to parallel

Fig. 1. Block diagram of a CDMA transmission scheme with tone reservation.
In this example we have Z = N, K = {k1, k2, ks ...} and Kt = N\K =
{k:c, kg, kg, ... }. For OFDM we have the same structure. However, we then
use the system of complex exponentials and the set Z = Z.

is given in Fig. 1. For the Walsh functions, which we mainly
consider in this paper, the index set is given by Z = N. In
Section VII, we also use the system of exponentials. Then the
index set is Z = Z.

Note that we allow infinitely many carriers to be used for the
compensation of the PAPR. This is also of practical interest,
since the solvability of the PAPR problem in this setting is a
necessary condition for the solvability of the PAPR problem
in the setting with finitely many carriers.

We next define the solvability of the PAPR problem.

Definition 1. For an ONS {¢y}rez and a set £ C Z, we
say that the PAPR problem is solvable with finite extension
constant Cgx, if for all a € ¢2(K) there exists a b € £2(KC)
such that

> angk+ Y biok

keKx kek?®

< Cexllallez(y- (D)
L°0[0,1]

We call the PAPR problem solvable if it is solvable for some
finite extension constant Cgx.

If the PAPR reduction problem is solvable, condition (1)
immediately implies that [|b[|,2ccy < Cex||alle2 (k). because

(gﬂw)% (zwu > wf

keKx kek?t

([

IA

D argr(t) + Y beo(t)

keK ket

2 \4
o)
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< esssup Z axor(t) + Z bror(t)], (2)

te[0,1] kek hext

that is, the energy of the compensation signal is also bounded
by (Cex|lalle(x))?. Further, we have PAPR(s) < Cgx. It is
clear that finding the optimal, i.e., minimal extension constant
is an important problem that is relevant for applications.
Inequality (1) is also a statement about the compensation
signals. However, (1) cannot be directly used for an analytical
analysis. Therefore it is important to better understand the
signals created by the permissible information sets. We will
deal with this problem next. In [21], [34] the following
different but equivalent characterization of solvability was
given. In this characterization the set

PHK) = {f € L'[0,1]:

f= Z a, i for some {a}rex C (C}

keK
plays a central role.

Theorem 1. Let {¢, }nen be a complete ONS, K C N, and
Cgx > 0. We have

Il 220, < Cexll fllL1[0,1] 3)

forall f € BL(K), if and only if the PAPR problem is solvable
Jor {bn}nen and K with constant Cry.

Remark 1. Theorem 1 is particularly interesting, because the
characterization only depends on the information set X and the
signals created by this set. That is, the compensation signals
are irrelevant. This will help us in our further analysis.

Based on Theorem 1 we can establish the following impor-
tant corollary.

Corollary 1. Let {¢,}nen be a complete ONS and K C N
such that the PAPR problem is solvable, and set

—1
inf | fllroay ] -
fePR(K)

HfHLZ[oJ]:l

Then the PAPR problem is solvable for {¢n }nen and K with
extension constant Cgxy = U. Further, U is the smallest of all
possible extension constants.

Proof. We have

U= “4)

1 .

— = inf

U  repix
HfHLQ[(JJ]:l

) Ifllz10,

Hf”Ll 0,1 = lnf _ .

) O eyt oo [z,
F#0

Hence, we see that

Ifllz207 S U fllzro,

for all f € P (K). From Theorem 1 it follows that the PAPR
problem is solvable with extension constant Cgx = U. Next
we prove that U is the smallest possible extension constant. We
do a proof by contradiction. Assume that there exists a smaller
number U; < U such that the PAPR problem is solvable with
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extension constant Cgx = Uj. Then we see from Theorem 1
that

Il 220,11 < Uil fllorpo,n
for all f € P(K). It follows that
< inf

FeR(K)
Hf”L2[O,1]:1

ILfllzr0,1-

-

Using the definition of U in (4), we obtain that

1 1

T S T

u, - U
or equivalently U; > U. However, this is a contradiction to
our assumption. O

Corollary 1 in particular implies that for any given informa-
tion set KL C N, under all extension constants Cgx for which
the PAPR problem is solvable, there exists a smallest extension

constant Cpy (K). We call
—1
||f|L1[0,1]>

IV. OpTIMAL PAPR CONTROL AND OPTIMAL
INFORMATION SETS FOR CDMA

A. Main Results

For CDMA systems that employ the Walsh system as carrier
functions {¢y, }nen = {wn fnen, we will next answer the three
questions that were already stated in the introduction: 1. What
is the best possible reduction of the PAPR, i.e, how small is
the optimal extension constant Cgx? 2. What is an optimal
information set /C that achieves this reduction, and how can
it be found? 3. What is the general structure of the optimal
information sets? The proofs of all results in this section will
be given in Section IV-D.

For a given information set K C N, we denote by Cpy(K)
the optimal, i.e., smallest, extension constant for which the
PAPR problem is solvable for the Walsh system {¢, }nen =
{wy }nen and the set K. Next, we want to study how small
the optimal extension constant Cy (K), which was introduced
in IV, can become for different sets K of cardinality N, i.e.,
we are interested in

Cpx(N) = inf Cpx(K).

KCN
|Kl=N

Cix(K) = inf
fePp(K)
Hf”[,2[0,1]:1

(&)

an optimal extension constant.

(6)

We will see in Theorem 4 that for each N € N there indeed
exists a set Ko (V) C N with [Kop (V)| = N, such that
Cex(N) = Cpx({Kopt(N)}). That is, the infimum in (6) is in
fact attained, and a minimum. Note that the set Kop (V) does
not need to be unique.

A priori, it is not clear how the set Cop (IV ) depends on N.
It could be that for different NV we obtain completely different
sets Kopt (V).

The next theorem completely describes the smallest possible
extension constant C'py, and thus answers question 1.

http://dx.doi.org/10.1109/TSP.2018.2875881

Theorem 2. We have Cpy(1) = 1 and Cpx(N) = /2 for all
N > 2.

Interestingly, for all N > 2 the smallest possible extension
constant is independent of N. We call any information set
K C N that achieves the smallest possible extension constant
an optimal information set.

For N = 2 we have the important result that all possible
information sets X C N with |[K| = 2 are optimal, i.e., give
the smallest possible extension constant.

Theorem 3. For all ki,kos € N, k
QEX({kb k2}) = \/§

The general case for arbitrary N € N is given next. This
answers question 2 about finding an optimal information set
Kopt(IV) that achieves the best possible PAPR reduction.

Theorem 4. For N € N we have Cpy(N) = Cpry({2F +
1} That is, we have Kopu(N) = {28 + 1}0° 1, ie., the
first N Rademacher functions achieve the minimal extension
constant Cgy(N).

% ko, we have

Remark 2. Theorem 4 shows that there exists a universal
infinite information set K = {2* + 1}°  such that for every
N > 2, each subset Ky = {2F + 1},1:/:_01 consisting of
the smallest N elements of /C, already achieves the smallest
possible extension constant Cy (K ) = v/2. Note that the set
K = {2F + 1}, itself also satisfies Cpy (K) = V2.

Finally, we study the structure of the optimal information
sets, and thus answer question 3. To this end, we introduce

Topt = {’C C N: |’C| Z 27QEX(’C) = \/5}7

which contains all optimal information sets JC C N of arbitrary
cardinality greater than or equal to 2. We will now show that
for every set K € T, we have: Any subset of K gives
the optimal extension constant. This follows from the next
theorem, for which we need to introduce the set

Ww(K) = {feLl[O,l]:

f= Z apwy, for some {ay e C (C}.
keK

Theorem 5. Let K C N with |K| > 2 be arbitrary. Then K

is optimal, i.e. Cy(K) = /2, if and only if for arbitrary sets

of subsets

KicKyc---CKk, (7
where |K1| = 2, we have
inf | fllevoy=--= _inf |fllzrpy  B)
fexw' (K1) few (K)

11l 2p0,0y=1 £l 20,1)=1

An immediate consequence of Theorem 5 is that subsets of
optimal information sets are always optimal.

Corollary 2. Let K € T,, be an optimal information set.
Then any subset 11 C KC with |K1| > 2 is optimal as well,
i.e., we have ICy € Ty,

Of course we cannot conclude that for KC € Ty, and &y € K,
we have K U {k;} € Ty
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B. Elementary Facts About Walsh Functions

Before we can give the proofs we need some elementary
facts about Walsh functions which were introduced in Sec-
tion II.

Let K = {ki,k2,...,kn} C N be a set of N arbitrary
distinct natural numbers. Further, let W (K) denote the largest
number C; such that

N % 1
o (ZW) </
=1 0

dt 9)

N
>y (t)
=1

for all ay,...,any € C. Then we have
1| N
W(K) = inf / Zalwkl ()] dt
{ar}il, 0 |;1=1
Zlﬁﬂalp:l
1| N
=  min / Zalwk, ()| dt. (10)
{a}iL, 0 |1=1
le\;ﬂaﬂzzl

The minimum in (10) is indeed attained, since the mapping

1| N
(al,...,aN)>—>/ Zalwkl(t)
0 |1=1

is continuous, and the minimum is taken over a compact set
in CV. According to the Cauchy—Schwarz inequality we have

1 1| N
/ dt < / > agwg, (t)
0 0 li=1

N 3
=1

dt

1
2

2
dt

N
Z Q| Wi, (t)
=1

which implies that

W(K) <1. 1D
Further, for arbitrary [ € [N], we see from (10) that
W(K) < WK {ki}). (12)

For N € N we set

W(N) := sup W(K).

KCN
[KI<N

Clearly, we have 0 < W(N) < 1 for all N € N, according
to (11). For N > 2 and all sets {k1,...,kn}, it follows from
(12) that

W({k1,....,kn}) S W(N - 1),

and consequently

W(N) < W(N —1). (13)

Hence, we see that 0 < W(N) < 1 and, further, that
{W(N)}%¥_, is a monotonically decreasing sequence of
real numbers that is bounded from below. Hence the limit

limy 00 W(N) exists.

http://dx.doi.org/10.1109/TSP.2018.2875881

C. Auxiliary Result About Rademacher Functions

In this section we prove an auxiliary result about
Rademacher functions that will be needed for the proof of
our main results.

For N € N, let R(N) denote the largest number Cs such

that .
N 2 1| N
Oy <Z|al|2) g/ > aur(t)| dt (14)
=1 0 li=1
for all ay,...,any € C. By the same reasoning as in

Section IV-B, there exists such a number.

Lemma 1. We have R(1) = 1 and R(N) = 1/v/2 for all
N >2.

Proof. For N = 1, eq. (14) becomes Cs|a| < |aq|, which
shows that R(1) = 1.
Next, we treat the case N > 2. According to Khinchin’s

inequality, we have for all N € N and all ay,...,any € C
that .
1 (N 2 1| N
— Zlaﬂ) s/ Y am(®)|dt. (15)
V2 =1 0 [i=1

The constant 1/\/§ in (15) is the best, i.e., largest possible
constant that holds for all N € N [35], [36]. For fixed N € N,
N > 2, inequality (15) implies that

R(N) > —=. (16)

Sl

A simple calculation shows that

1
/ Iy (£) + o (8)] dt = 1.
0

Hence, for N = 2 and a; = 1 = 1, inequality (14) becomes
C2v/2 < 1, and and we see that R(2) < 1/v/2. Due to (16),
it follows that

1
R(2) = —. 17
(2) /2 )
Further, for N > 3 we have
1 1
— < R(N) < R(2) < —,
5 <RV <RQ) < &

where the first inequality follows from (16), the second
inequality from the same arguments that led to (13), and
the third inequality from (17). Hence, for N > 2, we have

R(N) =1/V2. O

D. Proofs

In this section we prove the results that were presented in
Section IV-A.

Based on Lemma 1 we can prove Lemma 2, which is needed
for the proof of Theorem 2.

Lemma 2. We have W (1) = 1 and W(N) = 1/+/2 for all
N >2.

Proof. Since

W({k}) = / g (8)] dt = 1,
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for all £ € N, it immediately follows that W(1)
According to the definition of W, we have W(N) > R(N )
for all N € N. Hence, it follows from Lemma 1 that
— 1
W(N)> —
(N>

for all N > 2. Let ky < ko be two arbitrary natural numbers.
We have

/W%@+wﬂﬂﬁ=/m%@WMﬂ+wﬁm&
0 0

(18)

/|1—|—wk1( wy, ()] dt
/|1+wk’ )| dt
:/ 1+ wp(t) dt
0
=1, (19)
and it follows that
({k k})</1 L e () + —wg, ()] it
b) —_ 711)1 —F=w
1, 2 0 \/5 k \/5 ko

= (20)

where we used (10) in the inequality and (19) in the equality.
Hence, we see that

W(2) < b))

V2
Since W(N) < W(2) for all natural numbers N > 2
according to (13), it follows that

<W(N)<W(2) <

1 1
V2 V2’
where we used (18) in thj first and (21) in the last inequality.
Consequently, we have W (N) = 1/4/2 for all N > 2. O

Now we are in the position to prove Theorems 2 and 4.

Proof of Theorem 2. According to the definitions of Cx (V)
and W(N), and by using Theorem 1, we see that Cryx(N) =
1/W(N). Hence, Lemma 2 completes the proof. O

Proof of Theorem 3. From (20) we know that W ({kq, k2}) <
1/v/2. Since W({k1,ko}) < W(2) = 1/\[ where the
inequality follows from the definition of T and the equality
from Lemma 2, we see that W ({ki, k2}) = 1/+/2. Using

1
C ki,ko}) = ————,
fEX({ 1 2}) W({k/’l,kfg})
which follows from (5) and (10), we finally obtain
QEX({klak2}) =2 0

Proof of Theorem 4. In the proof of Lemma 1 we have al-
ready seen that for every N € N, the first N Rademacher
functions rq,...,7y give the maximal constant W () and
hence the minimal extension constant Cpy(/N). The first
N Rademacher functions {r,})_; correspond to the Walsh
functions {wor 1 }h o O
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6
Proof of Theorem 5. “<”: From Theorem 3 we know that
1
inf = —. 22
L P Ilfllz1j0, NG (22)

HfHLZ[o,l]:l
Hence, from (8) it follows that

1

inf = —,
it e =

HfHLz[O,l]:l

which in turn, using (5), implies that Cx (K) = /2.
“=": Let K be optimal, i.e., Cpx(K) = V2, and let
K1, s, ... be sets satisfying (7). Due to (7), we have
inf | fllpioyy =--->  inf

fewt (K1) ' few(K)
HfHL2[0,1]:1 ”fHL2[0,1]:1

Since Cpx(K) =

I fllzto,y-  (23)

V2, according to our assumption, we have

1
inf = —, 24
el £ 20,1y 7 (24)
HfHL2[o,1]:1
due to (5) . Further, we have
1
inf = —, 25
. £l zr 0,1 7 (25)
”fHL2[0,1]:1

according to Theorem 3. Inequality (23) together with (24)
and (25) implies (8). O]

Proof of Corollary 2. According to Theorem 5, we have

1

inf || fllzio = 7

fewt (K1)
HfHL2[o,1]:1

The assertion follows from (5). O

V. FINITE COMPENSATION SETS

So far our analysis has been for infinite compensation sets.
Next, we analyze the behavior of tone reservation for certain
finite compensation sets. For information sets L C N, we use
the abbreviation K = K N [2/V]. Now we consider the finite
compensation set K8 = [2V]\ K.

Let Cpx(Kn,2 ) be the smallest number such that for all
a € (2(Ky) we can find a b € £2(KC) such that

Z arWg + Z brwy,

kEKN keklt

S QEX (’CN, 2N

L=[0,1]

)||a||z2(/cN)-

That is to say, Cpx(Kn,2%) is the smallest extension con-
stant for which the PAPR problem is solvable with a finite
compensation set ICJC\?

Theorem 6. Let I C N be an optimal information set and
N € N arbitrary with |Kn| > 1. Then we have

QEX(’CM 2N) = \/5

Theorem 6 shows that using finite compensation sets is
already as good as using infinite sets, because the same
extension constant v/2 can be achieved.
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Proof. Since we are restricting the compensation set, we have
Crx(Kn,2N) > /2. Since K is an optimal information set,
we know from Corollary 2 that K is an optimal information
set. Hence for arbitrary a € ¢?(Ky) there exists a b € (?(N\
KCn) such that

Z apwy + Z brwy

keEXN keN\K n

< V2lallezrcy)-
L>=[0,1]

We consider

F(t) = Z arw(t) + Z brwy(t) = Zakwk(t)

keKn kEN\K .y keN

and

N 1
Fa(t) = 3 agun(t) = / F(r)Py(t,7) dr,
k=1 0
where
2N
Py(t,7) = Zwl(t)wl(r).
=1
We have Py (t,7) > 0 for all (t,7) € [0,1]? and

1
/ Py(t,7)dr =1
0

for all ¢ € [0, 1]. It follows that

1
Ew®)] < [ IF@IPy(t7) dr
0

< | F[lzee0,1

< V2 lal|ez(xc)-
Hence, we see that
|Fnllzeego,1) < V2[lalleicy,
and consequently that Oy (Kn,2V) < V2. O

A. Structural Properties

For the finite information sets /Cp, we can further charac-
terize the structure. We will see that these sets cannot contain
perfect Walsh sums if they are supposed to be optimal.

Let N € N be arbitrary. For a set S C [2V], we call the

sum
Z ws (t)

seS

(26)

a perfect Walsh sum, if there exists mutually distinct natural
numbers k1, ko, ..., k. € [2V] such that

Y wslt) = wi, () (Lt (8)- - -(Ltwy,,, (), €€ [0,1]:

seS

In this case, we call S a perfect Walsh set and | S| the size of
the perfect Walsh sum. If S is a perfect Walsh set, then we
have 2" = |S|. We have the following combinatoric condition
for optimal information sets.

Theorem 7. Let K C N be an optimal information set and
N € N arbitrary with |Kn| > 1. Then Ky does not contain
a perfect Walsh set of size |S| > 2.
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Fig. 2. Plot of the L°°[0, 1]-norm of the uncompensated information signal
A} (red) and the transmit signal s3; (blue) for N = 1,...,13. The
L*>[0,1]-norm of the uncompensated information signal A%, shows the
worst-case v/ N behavior. The L°°[0, 1]-norm of the compensated information
signal, i.e., the transmit signal 57\1’ is smaller than or equal to V2 for all N.

Remark 3. Ky always contains a perfect Walsh set of size 2.
We conjecture that K also needs to be sparse in [27V].

Proof. We use a proof by contradiction. Assume that Ky
contains a perfect Walsh set of size |S| > 2. Then we have

S wn(®) = w0+ we(®) - (1w o (8)

i

/0 1 ;ws(t) dt
i[wmmuwumn~u+wmmgth

=A<HW%w»u~u+meWﬁ»a

=1. 27

Since S C K, it follows from Corollary 2 that S is an optimal
information set. Hence, we have

1 2 E 1
/Zws(t) dt Sﬁ/o

0 Jses
according to Theorem 1. Using (27) and the fact that

/1 > wi(t) 2 dt

0 |ses

> wi(t)] dt

SES

1
2

= /9],

we see that /|S| < /2, which is a contradiction to our
assumption |S| > 2. O

VI. OPTIMIZATION PERSPECTIVE AND SIMULATION

In this section we will illustrate the findings with a simula-
tion and use the results of the previous sections to compute the
optimal compensation sequence b. In particular, we will see
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that it is sufficient to consider finite compensation sequences.
Further, we argue that the optimal b can be found by solving
a convex optimization problem.

For our simulation, we consider different numbers of infor-
mation carriers N € N. For a given N, we choose Ky =
Kopt(N) = {2% + 1}, i.e., an optimal information set.
Further, we set aj, = 1 / VN, ke Kk ~. Thus, the information
sequence {aj }reky satisfies |[{a} brexy le2(cy) = 1. and the
information signal

attains the largest possible peak value of || A% || f<[0,1] = VN,
as shown in Figure 2 in red. By using compensation carriers
we can reduce the peak value. According to Theorem 6, it is
sufficient to consider the compensation set K& = [2V]\ Ky
for an optimal compensation. The goal is to find the optimal
compensation sequence {bk}kelc?vf € £2(KE) that minimizes
the peak value of the transmit signal

sn(t)= > apwp(t)+ Y brwk(t),

kekn kektt

i.e., we are interested in

{bl*c}kelcga‘vf = argmin Z aj Wy +Z brwy - (28)

beez (K8 EEXN kekS L[0,1]
We first argue that this optimization problem has a solution.
It can be easily seen that the function to be minimized is
convex due to the properties of the norm. Further, the feasible
set is convex. Thus, for fixed information set K and fixed
information sequence {aj }rei,, we have a convex optimiza-
tion problem. Since the feasible set in (28), i.e., £2 (IC%), is
unbounded, it is a priori unclear whether the minimization
problem has always a solution. However, as we will show
next, in our setting, the feasible set is in fact a compact set,
and hence the minimization problem has always a solution.
According to Theorem 6, we have

QEX(ICN; 2N) = \/57
and therefore it follows that there exists a b € £2(K8f) such
that

< V2. (29)

E aZwk + E brwy,
hefn kekRy L[0,1]

Hence, it suffices to restrict the feasible set in the minimization
problem to sequences b € £2(KS!) that satisfy (29). From (29)
it follows that

Z aZwk+ Z brwy

kEK N kexct

<V2, (0
£2[0,1]
and consequently that

||{bk}kezcg3vf Hez(;cgvf) < \/ia
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because

||{bk}kezcg§“g2(zcgvf) = Z brwy
kery £2[0.1]
2 2

+ Z brwy,

o
kel

M

IN

E ajpw

keln L2[0,1]

= Z a,’;wk—l— Z brwy,

keKn kexcl

L2[0,1]

L2[0,1]

This shows that it is sufficient to consider the smaller feasible
set

I'= {{bk}ke;@;\;‘i {0k }rexce: ez oy < \[2}

in the minimization problem. This is a finite dimensional set
that is closed and bounded, and hence compact. It follows that
the minimization problem

Z a,’iwk +Z brwy,

kekn kext

Z aZwk + Z brwy,

keKN kekl

* _ .
{bk}keK% = argmin
beez(K8
Le[0,1]

€1y

L5°[0,1]

= arg min
bel

has a solution.

In order to generate the plot, we numerically solved the
minimization problem (31) using CVXPY (version 1.0.6) in
Python (version 3.5). Let

sv(t) = > ajw(t)+ Y bjwg(t)

kekn keKY

denote the compensated information signal, i.e., the transmit
signal. In Figure 2, the values of |[s}||z=[0,1) are plotted for
N =1,...,13 in blue. It can be seen that the peak value of
the transmit signal ||s% ||« is smaller than or equal to v/2 for
all V.

Interestingly, for N > 2, we have |[s}||r<[0,1] < V2, ie.,
the peak value of the transmit signal is strictly smaller than v/2.
Hence, for the specific information sequence {aj }reix, Wwe
achieve a better compensation than suggested by the smallest
possible extension constant Cry (Kx, 2V) = /2.

However, since according to Theorem 6 Cryx(Ky,2V) =
V2 for all N > 2, our theory shows that there must exist an
information sequence {a}* } ek With [[{a; brexcyll2(cy) =
1, for which we have

Z az*wk—k Z brwy,

) kEK N kexS

= \/5.
L°°[0,1]
Let Ky C [N] with |[Ky| > 2 and ky, ks € Ky, k1 # ko, be

arbitrary. Then such a signal is given by

1
az* _ ﬁv k S {k15k2}7

0, ke Kn\ {k1,k2}.

min
beez (kS
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Clearly we have |[{a;*}reky|le2(cy) = 1. Interestingly, no
compensation is required for this information sequence, since
the compensation sequence b7 = 0 for all k£ ICEQ; is already
optimal. We will prove this next by contradiction. As before,
it is sufficient to use K8 = [2V]\ K as a compensation set.
Assume that there is a sequence {by} kext such that

1

7 < V2,

Wk, +

1
—= Wk, + brwy,
Lt ¥

Cr
keXY Lo0[0,1]

and let

A= /( wi, (¢ +\}§wk2(t)>

X (\}iwkl (t) + %wkz (t) + Z bk.wk(t)> dt.

o
kel

Then we have

1
|A|§/
0

Wi, (t) +

V2

1
X | —= Wk, (t) + wk2 Z bkwk
V2 ket
1
u}kl ﬁwk& (t) dt

(32)

where we used (19) in the last line. We also have

AN 1 ?
Li 1
+/O <\/§wk1(t)+\/»wk2 )(kez);mbkwk )

The second integral is zero because {wy }ren is an ONS, and
for the first integral we obtain

[(7
o \V2
due to Parseval’s identity. Hence, we see that A = 1, which
is a contradiction to (32).

Wk, (t) + %ka (t)> dt = 17

VII. PAPR CONTROL FOR OFDM

As in the CDMA case, the goal in the OFDM case is to an-
swer the three questions that we presented in the introduction.
It turns out that the analysis of OFDM is far more complicated
than CDMA. We are only able to solve the problem for
information sets K with || = 2. Nevertheless, the result
is surprising, because for all K with || = 2 we have the
same optimal extension constant C’OF PM(KC), regardless of the
specific elements of /C.
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A. Special Case: Information Sets of Cardinality Two

Theorem 8. For OFDM, where the complete ONS is given by
{¢r}rez = {e®™ }iez, we have CEx™"(K) = /'8 for all
K CZ with |[K| = 2.

Remark 4. Tt is interesting that for |K| = 2, the smallest pos-
sible extension constant for OFDM, which is 7/ V8 =~ 1.11,
is much smaller than the smallest possible extension constant
for CDMA, which is v/2 ~ 1.41.

Remark 5. In the CDMA case we found that all optimal
information sets /C with |K| > 2 also achieve the same mini-
mal extension constant /2. In general, the optimal extension
constant is a non-decreasing function of |K|. For OFDM we
indeed suspect that the optimal extension constant increases
with |K].

Proof of Theorem 8. Let K = {k1,ko} C Z with ky # ko.
According to Corollary 1, we have

1 " !
— = mn
OOFDM(IC) a1,a2€C
la1 [*+laz|*=1

‘01 ez27rk1t +as el27rk:2t| dt.

Let ¢; = arg(a) and ¢ = arg(asg). Since

1
/ |a1 ei27Tk‘1t +as eiQﬂ‘th| dt
0
1
— / ||a1| e’i¢1 eiQﬂ'k‘lt +‘a2| eid)Q ei27‘rk2t‘ dt
0

1
:/ ‘|a1|_|_|a2|ei[¢2—¢1+2‘ﬂ't(k‘2—k1)]‘ dt
0

p1+27(k2—k1)

1 pa—
o 27T(]€2 — kil) /¢2¢1

1 27 )

1T
= — d
27r/0 Ha1|—|—|a2\e | !

1 [7 )
:;/ llas] + Jaz] €i7| dr,
0

||a1| -+ |(l2| €i7—| dr

where the second to last equality follows from the fact that
|la1| + |az| €| is a 27-periodic function and the last equality
follows out of symmetry reasons, we see that

1 1 [7 )
— — — inf = Ju+tveT|dr. (33)
COFDM(’C) 2“_;_1%0 X T /0 |
u vT=

Let

1 [" -
U(u,v) = ;/0 |u+wve'T| dr. (34)

W (u,v) is a continuous function in w and v. Hence, there exist

4,0 with @, > 0 and 4% 4+ 92 = 1 such that
U(a,0) = inf P(u,v),
u,v>0
u2+v2:1
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i.e., the infimum is in fact a minimum. For u = 4 /% + h and
v=4/% — h with h € [-1/2,1/2], we therefore obtain

1 1
VUi(a/z+h/z—h
1 (7 1 1 -
—— - h Z el
7r/0 \/2+ +\/2 e
1 [/™(1 1 1
S A (< AT By Y (i
7r/0 <2+ + 5 3 CcosT
1
1 2 1 .2 ’
+ i_h cos® (1) + §—h sin“(7) | dr
3
1 [7 1
—/ <1+21/—h2cosr> dr
™ Jo 4
%
:i/ 2+2vy/1—4h%2cost | dr.
™2 Jo
For h € [-1/2,1/2], we set

1
. 3
F(h):i/ <2+2\/1—4h20057> dr.
7T\/§ 0

Clearly, we have F'(h) = F'(—h). Hence, it suffices to consider
h €[0,1/2] in the following. We have

F(0) = W\l/i/oﬂ V2 +2cos(T) dr

= %\/5 /07r cos(7/2) dr = ?,

U(u,v)

dr

and

F(1/2):7r\1@/0wﬁd7:1.

For 0 < h < 1/2
(2 + 241 —4h? cos(7)>

is infinitely often differentiable in h and 7, since

2+42v1—4h2cos(7) >0

for all 7 € [0, 7]. Hence, for 0 < h < 1/2 we have

2

F'(h)
1 T 1 —8h cos(T)

™2 Jo 2\/2 + QWCOS(T) V1—4h?

_ cos(T)

—4h /’T
= dr.
TVVI= B2 Jo | fa 4oy T— a0 cos(r)

The function
1

gn(7) =
\/2 + 2v/1 — 4h2 cos(T)
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is monotonically increasing on (0, ), i.e., we have g (7) > 0
for all 7 € (0, 7). We further have

/ gn(7) cos(r) dr = gn(7)sin(r)| — / gh () sin(r) dr
0 0 0
= 7/ g, (7) sin(7) dr.
0
Since g}, (7) > 0 for all 7 € (0, ), it follows that

/ gr(7) cos(t) dT < 0,
0

and consequently that F’(h) > 0 for all h € (0,1/2). Thus,
we see that

min F(h) = F(0) = Y3,
Re[0,1/2] T
and obtain

g, W) =
u? +v2:1

From (33) and (34) it follows that Cox°M(K) = n/v/8. O
The problem of calculating CXPM(N) for N > 3 is

completely open. Even bounds for Cox°™(N) seem to be
unknown.

+[%

B. Special Coefficient Sequences

In the Walsh case, we succeeded in solving the optimiza-
tion problem stated in (4), and thus were able to explicitly
find optimal information sequences that achieve the minimal
extension constant. For OFDM, the general problem is open.
In the last subsection we were able to solve it for |K| = 2.

In this subsection we will discuss OFDM signals with spe-
cific coefficient sequences. For arbitrary K = {k1,...,kn} C
Z with || = N, we consider the specific OFDM signals

Fie(t) =) \/%e““,

keKx

(35)

where all information coefficients a; are equal, having the
value 1/ V/N. Such OFDM signals recently garnered attention
in the mathematical literature [37], [38]. In the following we
will briefly analyze the connection between the L!-norm of
(35) and our PAPR problem. Formally, we see a resemblance
between (35) and the sum (26) in the Walsh case. However, for
OFDM, i.e., for (26), there is no theory analogous to the theory
of perfect Walsh sums, which we employed in Section V-A.
Clearly, Fy is in the set

Sl(IC):{feLl[O,l]:

f= Z ay ™ for some {a}rex C (C}.
kek
Let CoPM(K) denote the optimal OFDM extension constant.
From Corollary 1 we know that
1 inf
————— = in
CRPM(K)  restio)
Hf”LQ[(),l]:l

Ifllz10,1)-
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Hence, we have for all K C N with || = N that
1
Cex M ()

Using the abbreviation

< ||FK||L1[77r,7T]-

6(‘]\[) = sup HFKHLl[—T{',ﬂ']?
KCN
IK|=N
we see that
1

inf xcz CoPM(K)
|K|=N

IA
Ql

(N).

For N = 2 we have shown in the previous subsection that

- 1
C(2) = - .
inf ez Cex " (K)
IK|=2

The results in [37], [38] show that

limsup C(N) >

N —o0

ol

Inspection of the calculations in [37], [38] and the resulting
difficulties of solving the problem even for simple OFDM
signals having the shape (35) strongly indicates that charac-
terizing CO°M is a difficult task.

VIII. CONCLUSION

The control of the PAPR and finding optimal information
sets is an important problem. In [39] it was shown for Walsh
based CDMA systems that the information sets K for which
the PAPR is solvable need to be sparse in a certain sense,
in particular their upper densities need to be zero. However,
no statement about the optimal information set was made. In
general, little is known about the answers to questions 1-3,
and most of the results are based on simulations and not on
analytic considerations. For our proof, the optimal constant in
Khinchin’s inequality [35], [36] was essential. It would also be
interesting to answer the three questions for other orthogonal
transmission schemes, e.g., OFDM, where the ONS is the
system of complex exponentials. However, the present proof
technique is tailored to the specific properties of the Walsh
functions, and therefore cannot be used for other ONS.

In this paper, a purely deterministic analysis of the tone
reservation method was performed. This approach is in the
spirit of the original publications on tone reservation, [8] and
[9]. Using mathematical methods from functional analysis,
we were able to completely characterize the solvability of
the PAPR problem—in this paper for CDMA and in [31]
for general orthonormal transmission schemes—and to derive
optimal constants.

Future research directions could comprise a stochastic anal-
ysis of the PAPR or a study of performance measures, such
as the bit error rate. This path would be interesting not only
from an application point of view but also for the further
development of foundations of signal processing, to see if it
is possible to connect probabilistic methods with functional
analysis. Currently, it is not clear how the techniques from
[31] can advance in this direction.

http://dx.doi.org/10.1109/TSP.2018.2875881

ACKNOWLEDGMENT

The first author wants to thank Bernd Haberland and An-
dreas Pascht, of Bell Labs, for bringing the PAPR problem for
CDMA systems to his attention in 2000, and for discussions
since that time. First results on the tone reservation problem
for CDMA systems were presented at the Bell Labs Lecture
of Holger Boche in 2010, where Bernd Haberland asked about
the best performance that can be achieved with this method.
Holger Boche also wants to thank Bernd Haberland for his
hospitality at Bell Labs and the discussions during that time.

REFERENCES

[1] H. Boche and U. J. Monich, “Optimal tone reservation for peak to
average power control of CDMA systems,” in Proceedings of the IEEE
International Conference on Acoustics, Speech, and Signal Processing
(ICASSP ’18), Apr. 2018, pp. 3674-3678.

[2] L. Hanzo, L.-L. Yang, and K. Y. Ee-Lin Kuan, Single and Multi-Carrier
DS-CDMA: Multi-User Detection, Space-Time Spreading, Synchronisa-
tion, Networking and Standards. Wiley-IEEE Press, 2003.

[3] S. Hara and R. Prasad, “Overview of multicarrier CDMA,’ IEEE
Communications Magazine, vol. 35, no. 12, pp. 126-133, Dec. 1997.

[4] X. Li and L. J. Cimini, “Effects of clipping and filtering on the
performance of OFDM,” in 1997 IEEE 47th Vehicular Technology
Conference. Technology in Motion, vol. 3, May 1997, pp. 1634-1638.

[5] S.Litsyn and A. Yudin, “Discrete and continuous maxima in multicarrier
communication,” IEEE Transactions on Information Theory, vol. 51,
no. 3, pp. 919-928, Mar. 2005.

[6] S. Litsyn and G. Wunder, “Generalized bounds on the crest-factor
distribution of OFDM signals with applications to code design,” IEEE
Transactions on Information Theory, vol. 52, no. 3, pp. 992-1006, Mar.
2006.

[71 G. Wunder, R. F. Fischer, H. Boche, S. Litsyn, and J.-S. No, “The
PAPR problem in OFDM transmission: New directions for a long-lasting
problem,” IEEE Signal Processing Magazine, vol. 30, no. 6, pp. 130—
144, Nov. 2013.

[8] J. Tellado and J. M. Cioffi, “Efficient algorithms for reducing PAR in
multicarrier systems,” in Proceedings of the 1998 IEEE International
Symposium on Information Theory, Aug. 1998, p. 191.

[9] ——, “Peak to average power ratio reduction,” U.S.A. Patent 09/062,

867, Apr. 20, 1998.

K. G. Paterson and V. Tarokh, “On the existence and construction of

good codes with low peak-to-average power ratios,” IEEE Transactions

on Information Theory, vol. 46, no. 6, pp. 19741987, Sep. 2000.

S. Han and J. Lee, “An overview of peak-to-average power ratio

reduction techniques for multicarrier transmission,” IEEE Wireless Com-

munications, vol. 12, no. 2, pp. 56-65, Apr. 2005.

B. S. Krongold and D. L. Jones, “An active-set approach for OFDM PAR

reduction via tone reservation,” IEEE Transactions on Signal Processing,

vol. 52, no. 2, pp. 495-509, Feb. 2004.

A. Aggarwal and T. H. Meng, “Minimizing the peak-to-average power

ratio of OFDM signals using convex optimization,” IEEE Transactions

on Signal Processing, vol. 54, no. 8, pp. 3099-3110, Aug. 2006.

C.-L. Wang and Y. Ouyang, “Low-complexity selected mapping schemes

for peak-to-average power ratio reduction in OFDM systems,” IEEE

Transactions on Signal Processing, vol. 53, no. 12, pp. 4652-4660, Dec.

2005.

N. Chen and G. T. Zhou, “Superimposed training for OFDM: a peak-to-

average power ratio analysis,” IEEE Transactions on Signal Processing,

vol. 54, no. 6, pp. 2277-2287, Jun. 2006.

G. T. Zhou and L. Peng, “Optimality condition for selected mapping in

OFDM,” IEEE Transactions on Signal Processing, vol. 54, no. 8, pp.

3159-3165, Aug. 2006.

R. L. G. Cavalcante and I. Yamada, “A flexible peak-to-average power

ratio reduction scheme for OFDM systems by the adaptive projected

subgradient method,” IEEE Transactions on Signal Processing, vol. 57,

no. 4, pp. 1456-1468, Apr. 2009.

C.-P. Li, S.-H. Wang, and C.-L. Wang, “Novel low-complexity SLM

schemes for PAPR reduction in OFDM systems,” IEEE Signal Process-

ing Magazine, vol. 58, no. 5, pp. 29162921, May 2010.

C. Siegl and R. F. H. Fischer, “Asymptotic performance analysis and

successive selected mapping for PAR reduction in OFDM,” IEEE

Transactions on Signal Processing, vol. 58, no. 6, pp. 3228-3237, Jun.

2010.

[10]

(1]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

IEEE TRANSACTIONS ON SIGNAL PROCESSING

[20] M. S. Ahmed, S. Boussakta, B. S. Sharif, and C. C. Tsimenidis, “OFDM
based on low complexity transform to increase multipath resilience and
reduce PAPR,” IEEE Transactions on Signal Processing, vol. 59, no. 12,
pp. 5994-6007, Dec. 2011.

H. Boche and B. Farrell, “PAPR and the density of information bearing
signals in OFDM,” EURASIP Journal on Advances in Signal Processing,
vol. 2011, no. 1, pp. 1-9, 2011, invited paper.

C. Li, T. Jiang, Y. Zhou, and H. Li, “A novel constellation reshaping
method for PAPR reduction of OFDM signals,” IEEE Transactions on
Signal Processing, vol. 59, no. 6, pp. 2710-2719, Jun. 2011.

S.-S. Eom, H. Nam, and Y.-C. Ko, “Low-complexity PAPR reduction
scheme without side information for OFDM systems,” IEEE Transac-
tions on Signal Processing, vol. 60, no. 7, pp. 3657-3669, Jul. 2012.
T. Jiang, C. Ni, D. Qu, and C. Wang, “Energy-efficient NC-
OFDM/OQAM-based cognitive radio networks,” IEEE Communications
Magazine, vol. 52, no. 7, pp. 54-60, Jul. 2014.

S.-H. Wang, C.-P. Li, K.-C. Lee, and H.-J. Su, “A novel low-complexity
precoded OFDM system with reduced PAPR,” IEEE Transactions on
Signal Processing, vol. 63, no. 6, pp. 1366-1376, Mar. 2015.

T. Jiang, C. Ni, C. Ye, Y. Wu, and K. Luo, “A novel multi-block tone
reservation scheme for PAPR reduction in OQAM-OFDM systems,”
IEEE Transactions on Broadcasting, vol. 61, no. 4, pp. 717-722, Dec.
2015.

C. Ni, Y. Ma, and T. Jiang, “A novel adaptive tone reservation scheme
for PAPR reduction in large-scale multi-user MIMO-OFDM systems,”
IEEE Wireless Communications Letters, vol. 5, no. 5, pp. 480483, Oct.
2016.

J. Tellado, Multicarrier Modulation with Low PAR: Applications to DSL
and Wireless. Kluwer Academic Publishers, 2000.

H. Boche, U. J. Monich, and E. Tampubolon, “Complete characterization
of the solvability of PAPR reduction for OFDM by tone reservation,” in
Proceedings of the 2017 IEEE International Symposium on Information
Theory, Jun. 2017, pp. 2023-2027.

H. Boche and U. J. Monich, “Tone reservation and solvability concepts
for the PAPR problem in general orthonormal transmission systems,” in
Proceedings of the IEEE International Conference on Acoustics, Speech,
and Signal Processing (ICASSP ’18), Apr. 2018, pp. 3669-3673.

, “Peak to average power control via tone reservation in general
orthonormal transmission systems,” IEEE Transactions on Signal Pro-
cessing, vol. 66, no. 13, pp. 3520-3528, Jul. 2018.

N. J. Fine, “On the Walsh functions,” Transactions of the American
Mathematical Society, vol. 65, pp. 372-414, May 1949.

H. Boche and V. Pohl, “Signal representation and approximation—
fundamental limits,” European Transactions on Telecommunications
(ETT), Special Issue on Turbo Coding 2006, vol. 18, no. 5, pp. 445456,
2007.

H. Boche and E. Tampubolon, ‘“Mathematics of signal design for
communication systems,” in Mathematics and Society, W. Konig, Ed.
European Mathematical Society Publishing House, 2016, pp. 185-220.
S. J. Szarek, “On the best constants in the Khinchin inequality,” Studia
Mathematica, vol. 58, no. 2, pp. 197-208, 1976.

U. Haagerup, “The best constants in the Khintchine inequality,” Studia
Mathematica, vol. 70, no. 3, pp. 231-283, 1981. [Online]. Available:
http://eudml.org/doc/218383

C. Aistleitner, “On a problem of Bourgain concerning the ['-norm of
exponential sums,” Mathematische Zeitschrift, vol. 275, no. 3, pp. 681—
688, Dec. 2013.

S. Choi and T. Erdélyi, “On a problem of Bourgain concerning the I,
norms of exponential sums,” Mathematische Zeitschrift, vol. 279, no.
1-2, pp. 577-584, Feb. 2015.

H. Boche and E. Tampubolon, “Asymptotic analysis of tone reservation
method for the PAPR reduction of CDMA systems,” in Proceedings of
the 2017 IEEE International Symposium on Information Theory, 2017,
pp. 2723-27217.

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

http://dx.doi.org/10.1109/TSP.2018.2875881

Holger Boche (M’04-SM’07-F’11) received the
Dipl.-Ing. and Dr.-Ing. degrees in electrical engi-
neering from the Technische Universitit Dresden,
Dresden, Germany, in 1990 and 1994, respectively.
He graduated in mathematics from the Technische
Universitdt Dresden in 1992. From 1994 to 1997,
he did Postgraduate studies in mathematics at the
Friedrich-Schiller Universitit Jena, Jena, Germany.
He received his Dr. rer. nat. degree in pure math-
ematics from the Technische Universitit Berlin,
Berlin, Germany, in 1998. In 1997, he joined the
Heinrich-Hertz-Institut (HHI) fiir Nachrichtentechnik Berlin, Berlin, Germany.
Starting in 2002, he was a Full Professor for mobile communication networks
with the Institute for Communications Systems, Technische Universitit Berlin.
In 2003, he became Director of the Fraunhofer German-Sino Lab for Mobile
Communications, Berlin, Germany, and in 2004 he became the Director of the
Fraunhofer Institute for Telecommunications (HHI), Berlin, Germany. Since
October 2010 he has been with the Institute of Theoretical Information Tech-
nology and Full Professor at the Technische Universitit Miinchen, Munich,
Germany. Since 2014 he has been a member and honorary fellow of the
TUM Institute for Advanced Study, Munich, Germany. He was a Visiting
Professor with the ETH Zurich, Zurich, Switzerland, during the 2004 and
2006 Winter terms, and with KTH Stockholm, Stockholm, Sweden, during
the 2005 Summer term. Prof. Boche is a Member of IEEE Signal Processing
Society SPCOM and SPTM Technical Committee. He was elected a Member
of the German Academy of Sciences (Leopoldina) in 2008 and of the Berlin
Brandenburg Academy of Sciences and Humanities in 2009. He received
the Research Award “Technische Kommunikation” from the Alcatel SEL
Foundation in October 2003, the “Innovation Award” from the Vodafone
Foundation in June 2006, and the Gottfried Wilhelm Leibniz Prize from the
Deutsche Forschungsgemeinschaft (German Research Foundation) in 2008.
He was co-recipient of the 2006 IEEE Signal Processing Society Best Paper
Award and recipient of the 2007 IEEE Signal Processing Society Best Paper
Award. He was the General Chair of the Symposium on Information Theoretic
Approaches to Security and Privacy at IEEE GlobalSIP 2016. Among his
publications is the recent book Information Theoretic Security and Privacy of
Information Systems (Cambridge University Press).

Ullrich J. Ménich (S’06-M’12-SM’16) received
the Dipl.-Ing. degree in electrical engineering from
the Technische Universitdt Berlin, Berlin, Germany,
in 2005 and the Dr.-Ing. degree from the Technische
Universitdt Miinchen, Munich, Germany, in 2011.
During the winter term of 2003, he was a visiting
researcher with the University of California, Santa
Barbara. From 2005 to 2010 he was Research and
Teaching Assistant with the Technische Universitit
Berlin and from 2010 to 2012 with the Technische
Universitdt Miinchen. From 2012 to 2015 he was a
Postdoctoral Fellow at the Massachusetts Institute of Technology. Since 2015
he has been a Senior Researcher and Lecturer with the Technische Universitit
Miinchen. His research activities comprise signal and sampling theory, applied
functional and harmonic analysis, and forensic DNA signal analysis. He was
recipient of the Rohde & Schwarz Award for his dissertation in 2012.

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



